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A prevailing notion in the topological band theory is that the topological charge associated with
band degeneracies cannot change upon continuously tuning the Bloch Hamiltonian. Here, we show
that this notion is in general incorrect in non-Hermitian systems. In particular, we present a simple
three-dimensional two-band model, such that a Weyl point degeneracy flips its chiral charge after
encircling an exceptional line degeneracy, upon tuning one parameter. We use the formalism of Abe
homotopy to mathematically describe this phenomenon. Our work points to significant richness in
the topology of non-Hermitian Hamitonians that is not shared by their Hermitian counterparts.
Introduction.– Energy bands inside the momentum (k)
space of periodic media can exhibit robust degenera-
cies called band nodes [1]. These are often stabilized by
topological charges, such as the Z-valued Chern number
(chirality) of Weyl points [2–4], or the Z2-valued quan-
tized Berry phase [5, 6] of nodal lines [7, 8]. Topolog-
ical charges of band nodes of Hermitian Bloch Hamil-
tonians have been classified [9–11] using homotopy the-
ory [12, 13]. In this description, the nodes are under-
stood as topological defects of the Bloch Hamiltonian in-
side the k-space. This approach is mathematically anal-
ogous to the well understood and older problem of de-
scribing topological defects of ordered media inside the
coordinate (r) space. Topological charges of such order-
parameter defects in r-space are conventionally derived
from homotopy groups of the order-parameter space [14–
17]. Similarly, band nodes in k-space can be described by
homotopy groups pip(M) (p = 1, 2, . . .) [10] where M is
the “classifying space” of all symmetry-compatible Bloch
Hamiltonians [18].
When the homotopy groups are abelian (such as Z2 or
Z), the topological charge of defects is usually a conserved
number which cannot be changed as long as discontinu-
ous deformations are suppressed. This simple behavior
breaks down in the special [19, 20] albeit experimentally
relevant [21, 22] situations with non-abelian first homo-
topy group. Astoundingly, there are cases where even
abelian topological charges fail to be uniquely defined,
resulting in a non-trivial braiding of the defects [23, 24].
A well-known example occurs in uniaxial nematic liquid
crystals [16], where a pair of hedgehog defects with the
same charge annihilate each other, if they are brought
together along a trajectory enclosing a dislocation line.
Mathematically, this phenomenon follows from a non-
trivial action induced by pi1(M) on pi2(M) [25]. How-
ever, despite the clear mathematical underpinning, the
possibility of non-trivial braiding of abelian topological
charges has not been previously reported for band nodes.
In this work, we show that non-trivial braiding of
band nodes naturally arises inside the k-space of non-
Hermitian Bloch Hamiltonians, which are approach-
able in condensed matter, cold atom and photonic sys-
tems [26–58]. In three-dimensional Hermitian systems,
the generic band nodes are Weyl points [2, 3]. Upon
adding a non-Hermitian perturbation, a Weyl point
generically inflates into an exceptional ring [53–55], with
the Z-valued Chern number of the original Weyl point
(defined on spheres) still meaningful [59–61]. Impor-
tantly, the exceptional ring is further stabilized by an ad-
ditional Z-valued winding number (defined on loops) [62].
These two invariants correspond to the line-gap vs. the
point-gap topological classification of Ref. [63], respec-
tively. Here, we rederive these topological charges from
homotopy theory, and we show that they interact non-
trivially: the Chern number of an exceptional ring flips
sign when the ring is braided around another exceptional
line. As a consequence, a pair of nodes carrying the same
Chern number can annihilate if they are brought together
along a trajectory enclosing an exceptional line.
Global aspects of Chern number.– Before we present
an explicit model that manifests the non-trivial braiding
of band nodes, we provide an intuitive understanding of
this phenomenon from general considerations. For sim-
plicity, we consider here a special case where the non-
FIG. 1. (a) Two Weyl points A and B (green dots) near an
exceptional line (vertical green). The short blue vs. the long
red “sausages” represent two topologically distinct surfaces on
which one can compute the total charge of the Weyl points.
The total charge signals whether the Weyl points annihilate
if brought together along the blue vs. the red trajectory con-
tained inside the two surfaces. (b) Circumnavigating the ex-
ceptional line leads to reordering of the energy bands, which
effectively flips the Chern number of the transported nodes.
Therefore, if the topological charges of the Weyl points add
up on the blue surface, they cancel out on the red surface.
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2FIG. 2. Band nodes of the model in Eq. (1) for the indicated
values of parameter α. The orange (pink) sheet indicates
the plane kz = 0 (ky = 0). The band structure exhibits an
exceptional line (green line). Furthermore, a pair of Weyl
points (green dots) are ejected from the exceptional line at
α = pi/4, which annihilate at α = 3pi/4 after encircling the
exceptional line.
Hermitian effects do not inflate Weyl points into excep-
tional rings. The presented arguments readily generalize
to exceptional rings with a Chern number.
We draw in Fig. 1(a–b) two Weyl points (green dots)
near an exceptional line (vertical green). To compute
the total charge of the two Weyl points, we have two
topologically distinct ways of enclosing them with a two-
dimensional surface, represented by the red vs. the blue
“sausage” in Fig. 1(a–b). Note that an identical figure
could also illustrate a Hermitian systems with certain
symmetry that can protect nodal lines, where the green
line now represents a nodal line. In Hermitian systems,
the two ways of computing the total Chern number of the
two Weyl points give identical results. However, from
topological principles, there is no guarantee for this to
hold true in general, because the blue surface cannot be
continuously deformed into the red surface without cross-
ing a band node. Indeed, we find that non-Hermitian
Hamiltonians provide an example where the two surfaces
exhibit different total charges.
From the physics point of view, the ordering of en-
ergy eigenvalues is crucial to define Chern numbers [64].
However, in non-Hermitian systems the energy eigenval-
ues are complex-valued, hence there is no natural choice
of ordering. In fact, around an exceptional line, the band
dispersion has a Riemann-sheet structure [65–67], which
flips the ordering of the two bands as one circumnav-
igates the exceptional line. Therefore, if we define an
ordering of the two bands near Weyl point A and we
apply the same ordering to other momenta by continu-
ation, we can choose one of two inequivalent paths [red
vs. blue in Fig. 1(a–b)] to reach Weyl point B. Since the
union of these two paths encloses the exceptional line
FIG. 3. (a) Band structure of the model in Eq. (1) for α=
pi/4+0.3 exhibits an exceptional line (green line) and a pair
of Weyl points (green dots). The total charge of the two
Weyl points on the blue resp. the red surface is determined
by plotting the Wilson-loop eigenvalues for paths (vertical
circles) with fixed angle φ= arg (kx+iky), as φ sweeps along
the surface. We find that the Chern number is (b) +2 on the
blue surface, and (c) zero on the red surface.
(covering one half of the Riemann sheet), the two ways
of continuation give opposite ordering of the two bands
near Weyl point B, which results in opposite values of
its Chern number. Especially, if the total Chern num-
ber of the Weyl points on the blue surface (enclosing the
blue path) is 1+1=2, then the Chern number on the red
surface is 1−1=0. This suggests that the Weyl points an-
nihilate when brought together along the red trajectory,
while avoiding annihilation along the blue trajectory.
Note that the Riemann-sheet structure is also relevant
for non-Hermitian band insulators. If we interpret the
torus (combination of the red and of the blue sausage) as
the Brillouin zone of a 2D non-Hermitian lattice system,
then the non-Hermitian Hamiltonian is periodic on the
torus. Nevertheless, the Chern number on the torus is
ill-defined, unless one considers the double cover [68].
The model.– We introduce a model that exhibits the
non-trivial braiding when a single parameter α is varied,
H(k;α) =
[
(k+ + e
−iα)(k− + e−iα) +
1
2
]
σ+
+
[
(k+ + e
iα)(k− + eiα) +
1
2
]
k+σ− + kzσz,
(1)
where we defined σ± = σx ± iσy for Pauli matrices and
k± = kx ± iky for momentum coordinates. A roadmap
of how we constructed the Hamiltonian appears in the
Supplemental Material [69]. (Therein, we also present
an alternative lattice model that exhibits a similar be-
havior.) The evolution of band nodes of the model in
Eq. (1) is summarized by Fig. 2(a–f). First, at α = 0
there is one exceptional line passing through the kz = 0
plane at kx = ky = 0. As we increase α to pi/4, the
exceptional line ejects two Weyl points of the same chi-
rality. As one further increases α, the Weyl points orbit
around the exceptional line in opposite directions inside
the kz=0 plane, until they meet on the other side of the
3exceptional line at α= 3pi/4. Upon further increment of
α, the two Weyl points annihilate.
To see that the two Weyl points ejected at α = pi/4
locally have the same chirality, we compute the Chern
number on the blue surface displayed in Fig. 3(a). This
is achieved by plotting in Fig. 3(b) the Wilson-loop eigen-
values for paths that sweep along the surface [70]. The
observed winding indicates that the total Chern number
on the blue surface containing the two Weyl points just
after their conception is +2. Meanwhile, since the two
Weyl points annihilate for α = 3pi/4 on the other side
of the exceptional line, the total Chern number on the
red surface in Fig. 3(a) must be zero. This is confirmed
by plotting the corresponding Wilson-loop eigenvalues in
Fig. 3(c). We conclude that the Chern number of Weyl
points in non-Hermitian systems exhibits an ambiguity:
we are able to flip the Chern number of a Weyl point by
moving it around an exceptional line.
Abe homotopy.– We describe topological charges of
band nodes using homotopy groups [10]. For simplicity,
here we only consider two-band models, and we assume
the absence of global symmetries (i.e. symmetry class A
of Ref. [63]). Recall that we use M to indicate the tar-
get space, which in the present application is the clas-
sifying space of Hamiltonians [18]. Then the pth based
homotopy group pip(M,m) represents equivalence classes
of continuous maps from a p-dimensional cube Ip to M ,
such that the boundary ∂Ip is mapped to the base-point
m∈M [12]. The equivalence f1∼f2 means that f1 can be
changed into f2 by continuous deformations. The bound-
ary condition can be understood as identifying ∂Ip with
a single point, thus effectively transforming Ip into a p-
sphere, Sp. When a homotopy group does not depend on
the base-point, one often writes just pip(M).
The mathematical object that governs the observed
non-commutative properties of the topological charges is
the action of pi1(M) on pi2(M) [24]. Returning back to
Fig. 1, one can imagine continuously transforming the
blue surface into two balloons, each containing only one
Weyl point. The red surface is obtained by gluing the two
balloons on the other side of the line defect (green). Car-
rying one of the balloons around the line induces an ac-
tion of pi1(M) (characterizing the closed path) on pi2(M)
(characterizing the transported balloon). For example, in
the case of uniaxial nematics [23], the pi-rotation of the
order parameter on paths encircling a dislocation line in-
verts the hedgehog configuration on the balloon [16].
The action can be geometrically visualized using the
construction of Abe [71], who considered equivalence
classes of maps from a cylinder S1× [0, 1] to the tar-
get space, such that the boundary, S1×{0} ∪ S1×{1},
is mapped to the base-point [Fig. 4(a)]. By further re-
quiring a segment {x}× [0, 1] with a fixed x ∈ S1 to
be mapped to the base-point too, one reproduces pi2(M)
[Fig. 4(b)]. On the other hand, by limiting attention
to “stratified” maps that only depend on the position
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FIG. 4. (a) Abe homotopy considers maps from a cylinder,
S1× I, with the boundary (red) mapped to the base-point
m. (b) By further requiring a line segment {x0}× I to be
also mapped to the base-point, one recovers the second ho-
motopy group, pi2(M). (c) By narrowing attention to maps
that only depend on the position along I, one recovers the
first homotopy group, pi1(M). (d) Abe homotopy allows us
to compose elements of the second homotopy group (map on
S2) with elements of the first homotopy group (map on S1).
The green line indicates a band node. (e) We attach to the
sphere S2 based at m a string from m to m′. This corresponds
to conjugating the cylinder representing the map on S2 with
a cylinder representing the map on the string. Attaching a
closed string (loop) based at m corresponds to conjugating
the element from pi2(M) with an element from pi1(M).
along [0, 1], one reproduces pi1(M) [Fig. 4(c)]. By stack-
ing cylinders, we are able to combine elements of pi1(M)
with elements of pi2(M) [Fig. 4(e)]. Especially, one can
consider the effect of moving the base-point along a closed
path, which corresponds to conjugating an element of
pi2(M) with an element of pi1(M) [Fig. 4(d)]. The conju-
gation induces a map . :pi1(M)→Aut[pi2(M)], i.e. each
element g ∈ pi1(M) is represented by an automorphism
.g :pi2(M)→pi2(M) [72]
Topological charges revisited.– To provide a mathe-
matical underpinning of the non-trivial braiding of band
nodes, we identify the space M of non-Hermitian two-
band Hamiltonians, and we explicitly compute its ho-
motopy groups pi1(M), pi2(M) and the action .. Away
from the nodes, the Hamiltonian exhibits two different
eigenvalues. We perform spectral flattening: we make
the Hamiltonian traceless (we drop the term proportional
to the identity matrix), and we normalize the eigenval-
ues to absolute value 1. This is achieved with continu-
ous deformations and without producing a band degen-
eracy, i.e. the procedure does not affect the band topol-
ogy. To obtain homotopy groups, it is convenient to ex-
press M as a coset space G/H with G a simply connected
group [14]. Then a mathematical theorem guarantees [73]
that pi2(M) = pi1(H) and pi1(M) = pi0(H).
To obtain the coset expression, we begin with the spec-
tral decomposition of a generic two-band Hamiltonian
H ∈M . Adopting the biorthogonal normalization of left
4and right eigenvectors [74–77],
H = V −1 · (eipitσz) · V, (2)
where eipitσz is a diagonal matrix containing the normal-
ized eigenvalues, and V is the matrix of the left eigenvec-
tors of H. Here, as a convention, we always rescale the
eigenvectors such that detV = 1, implying V ∈ SL(2,C).
Therefore, the Hamiltonian can be encoded using two
pieces of data, (V, t) ∈ SL(2,C)×R ≡ G, which consti-
tute a simply connected group [78] with composition rule
(V1, t1)◦(V2, t2) = (V1 ·V2, t1+t2). However, the decom-
position into (V, t) is not unique. On the one hand, the
matrix H in Eq. (2) is invariant under rescaling the two
eigenvectors separately by (z, z−1) with z ∈ C× (the com-
plex plane without zero), as well as under shifting t by
an even integer. This represents transformations
Tn(z) : (V, t) 7→ (R(z) · V, t+ n) (n even), (3a)
where R(z) = diag (z, z−1). On the other hand, we can
flip the ordering of the eigenvectors if we appropriately
reorder the eigenvalues eipitσz by shifting t by an odd
integer. This corresponds to transformations
Tn(z) : (V, t) 7→ (iσy ·R(z) · V, t+ n) (n odd). (3b)
Eqs. (3) represent left action on G by elements Tn(z)
[defined as (R(z), n) for n even, and as (iσy ·R(z), n) for
n odd], which constitute a subgroup H<G. The space of
all distinct Hamiltonians is the coset space G/H.
As a topological space, H is a disjoint union of many
copies of C× (one copy for each n ∈ Z). It follows from
Eqs. (3) that Tn1(z1)◦Tn2(z2) = Tn1+n2(z) for some z ∈
C×, implying that connected components of H have a nat-
ural Z-group structure. Therefore, pi1(M) = pi0(H) = Z,
which corresponds to the winding number. Furthermore,
each disjoint component supports “looping” of z around
the origin of C×. Therefore, pi2(M) = pi1(H) = Z, which
corresponds to the Chern number. We are finally ready
to compute the action of pi1(M) on pi2(M). According to
Fig. 4(d), we should study the conjugation of elements in
pi2(M) [looping of the argument of Tn(z)] by elements in
pi1(M) [subscript of Tn(z)]. We find [69]
Tn1(z1) ◦ Tn2(z2) ◦ Tn1(z1)−1 = Tn2
(
c z
P (n1)
2
)
(4)
where P (n1) =±1 is the parity of n1, and c ∈ C× is an
unimportant factor that depends on z1 and n. Since z
−1
2
loops opposite to z2, we conclude that the Chern number
of a node flips sign if it is carried along a path with odd
winding number. We remark that such a path may exist
even in the absence of exceptional lines, provided that
the winding number along some direction of the Brillouin
zone torus is odd. We present a lattice Hamiltonian with
such a property in the Supplemental Material [69].
Conclusions and outlooks.– We have shown that band
nodes with a Chern number braid non-trivially around
exceptional lines in non-Hermitian systems. While we
have explicitly considered only two-band models, both
the Z-valued Chern number and the Z-valued winding
number are stable topological invariants [63], therefore
the non-trivial braiding of band nodes discussed here
persists upon adding more bands. In fact, many-band
models provide even richer possibilities. By traversing
the Riemann-sheet band-structure near exceptional lines
(which may now connect various pairs of bands), we can
arbitrarily permute the ordering of the bands, and thus
also of their Chern numbers. Especially, this allows us to
move a Weyl point in-between a different pair of bands.
These phenomena follow from a more general topological
structure than the one considered in Ref. [63], which we
shall present in a future work [68].
We emphasize that a non-trivial action of pi1(M) on
pi2(M) cannot arise for nodes in the stable limit of Her-
mitian systems. The observation from Ref. [10] is that
if both of these homotopy groups are non-trivial, then
pi2(M)=Z2, which does not support non-trivial automor-
phisms. There are only handful few-band models, very
recently studied in Ref. [24], that enable a non-trivial
braiding of monopole charges [9, 79]. However, those ex-
amples are unstable against including additional bands.
Therefore, a stable non-trivial braiding of band nodes by
the action of pi1(M) on pi2(M) constitutes a novel phe-
nomenon enabled by non-Hermitian effects.
Due to the high controllability and tunability, there
have been experimental studies of both Weyl points
and exceptional lines in photonic systems [27–30]. In
fact, the existing experimental techniques readily allow
for inferring the topological charges of both exceptional
nodes [26] and Weyl points [31] in such systems. Because
of the intrinsically non-Hermitian nature of photonic sys-
tems, we believe that a two-band model similar to Eq. (1)
with one tuning parameter α (or to the lattice model pre-
sented in the Supplemental Material [69]) could be real-
izable upon considering the gain and loss. Performing
experiments analogous to those of Refs. [26–31] on such
a model would provide experimental evidence for our pre-
dictions. Alternatively, one may consider implementing
such a model in a system with synthetic dimension hav-
ing gain and loss [80].
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I. A ROAD-MAP TO THE k · p MODEL
In this section, we present a k · p Hamiltonian that
exhibits a non-trivial braiding of Weyl point as one free
parameter is tuned. The discussion is split in two parts.
First, in Sec. I A we obtain a Hamiltonian that exhibits
a single exceptional nodal line. This is achieved by start-
ing with a simple Weyl Hamiltonian and by including a
k-independent non-Hermitian perturbation. In Sec. I B
we include in the developed model an additional and
more complicated k-dependent non-Hermitian perturba-
tion. After properly adjusting the parameters, we find
that the resulting model exhibits two Weyl points that
are non-trivial braided around the exceptional nodal line.
A. Hamiltonian with a single exceptional nodal line
We begin with the simplest Weyl point Hamiltonian
H(0)(k) = k · σ, (1)
where σ = (σx, σy, σz) is the vector of Pauli matrices.
The spectrum of the Weyl Hamiltonian is ε0±(k) = ± |k|.
The superscript of the Hamiltonian indicates the position
of the Weyl point inside the complex kx+iky plane. This
convention will become useful later in Sec. I B.
Non-Hermitian perturbations generically “inflate” a
Weyl point into a ring of exceptional nodes. Here, we
consider the simple k-independent non-Hermitian per-
turbation δH = im2 σy with m ∈ R. The combined Hamil-
tonian
H(0)(k) + δH ≡ H(k) = kxσx + (ky + im2 )σy + kzσz (2)
has energy spectrum
ε±(k) =
√
k2 + imky − m24 , (3)
which exhibits an exceptional degeneracy at ky = 0 along
a ring 4(k2x + k
2
z) = m
2.
We shift the momentum coordinates as k = g + δk,
where g = (m2 , 0, 0). Furthermore, we find it useful to
instead work with matrices σ± = σx ± iσy (together
∗ Corresponding author: xiaoqi@stanford.edu
with σz) and with momentum-component combinations
k± = δkx ± iδky (together with δkz = kz). The inverse
transformations are
δkx =
k+ + k−
2
and δky =
k+ − k−
2i
, (4)
and similarly for the Pauli matrices σx and σy. We will
use the fact that the Hamiltonian of the form
H = h+σ+ + h−σ− + hzσz (5)
has energy eigenvalues
ε(k)± = ±
√
4h+h− + h2z. (6)
We also remark that the Weyl Hamiltonian in Eq. (1)
can be rewritten as
H(0)(k) = 12 (k+σ− + k−σ+) + kzσz. (7)
This decomposition will come in handy later in Sec. I B.
In the basis of σ± and using the momentum coordi-
nates k±, the perturbed Weyl Hamiltonian from Eq. (2)
becomes
H(k) = (m2 + δkx)σx + (δky + im2 )σy + δkzσz (8)
= 12 [(m+ k−)σ+ + k+σ−] + kzσz. (9)
Near the origin of coordinates, we can approximate m+
k− ≈ m, and we further set m = 1. This approximates
the Hamiltonian to
H(k) = 12 (σ+ + k+σ−) + kzσz (10)
with spectrum
± = ±
√
k+ + k2z , (11)
which exhibits an exceptional nodal line inside the ky = 0
plane along kx = −k2z . The Hamiltonian in Eq. (10)
provides the starting point for the more complicated
Hamiltonian discussed in the next subsection. One could
make the exceptional nodal line straight, pointing along
kx = 0 = ky, by dropping the kzσz term. However,
we keep this term in the Hamiltonian, because it is very
important for the generation of Weyl points inside the
kz = 0 plane in the next section.
2B. Hamiltonian with additional Weyl points
Our next goal is to supplement the Hamiltonian in
Eq. (10) with a perturbation that produces Weyl points
at well-controlled positions. More specifically, we want
a pair of Weyl points moving inside the kz = 0 plane
along semicircles k+ = re
±iφ with some radius r and po-
lar angle φ ∈ [0, pi]. The semicircles “circumnavigate”
the exceptional line inside the kz = 0 plane. Our strat-
egy to get such a model is to consider kz-independent
perturbation, and temporarily limit our attention to the
spectrum inside the kz = 0 plane. The only kz depen-
dence of our model would come from the kzσz term that
is readily present in Eq. (10), or even in Eq. (1).
Inside the kz = 0 plane, both the Weyl points as well
as the cross-section of the exceptional nodal line appear
as point-like objects. However, they are associated with
a different topological structure. While the cross-section
of the exceptional nodal line at kx = 0 = ky is asso-
ciated with a non-trivial winding of the complex-valued
band energies [corresponding to the first homotopy group
pi1(M)], the Weyl points do not exhibit such winding.
Since we want the perturbed Hamiltonian to exhibit just
the single exceptional nodal line at the origin of coordi-
nates, we should keep the
ε± =
√
4h+h− ∝ ±
√
k+ (12)
scaling of the band energies, as present in Eq. (11).
It follows from shifting the coordinates in Eq. (1) that
a Hamiltonian with a single Weyl point at position k+ =
reiφ (which by complex conjugation corresponds to k− =
re−iφ) is simply
H(reiφ)(k)= 12
[
(k+−reiφ)σ−+(k−−re−iφ)σ+
]
+kzσz. (13)
By referring to Eq. (6), it is clear that the spectrum of
the model in Eq. (13) is ε± = ±
√
|k+ − reiφ|2 + k2z , as
expected for a Weyl point at that position. We also em-
phasize that Eq. (13) explicitly adopts the convention
outlined below Eq. (1), namely that the superscript of
the Weyl Hamiltonian indicates the position of the Weyl
point inside the kz = 0 plane.
To get a pair (and potentially even more) of Weyl
points inside the kz = 0 plane, we just need to keep
adding factors (k±−rie±ϕi) to σ±. However, there is ac-
tually more than one way to do this. For example, there
are two ways to get a Hamiltonian with two in-plane Weyl
points located at r1e
iϕ1 ≡ zˆ1 and at r2eiϕ2 = zˆ2, namely
H(zˆ1,zˆ2)a (k)= 12 [(k+−zˆ1)(k+−zˆ2)σ−+h.c.]+kzσz (14)
H(zˆ1,zˆ2)b (k)= 12 [(k+−zˆ1)(k−−zˆ∗2)σ−+h.c.]+kzσz,(15)
where “h.c.” stands for “Hermitian conjugate”, and the
asterisk “∗” indicates complex conjugation.
The Hamiltonians in Eqs. (13–15) are all Hermitian,
and do not exhibit a non-trivial winding of the complex-
valued band energies. Therefore, they do not exhibit the
scaling of band energies expressed by Eq. (12) in the limit
of large |k±|. Note also that Hamiltonians with two (or
more generally with n) in-plane Weyl points would scale
as |k±|2 (resp. as |k±|n) for large |k±|, i.e. this term will
at large momenta take over the exceptional-line Hamil-
tonian given by Eq. (10), which we intend to perturb. To
make sure that the perturbed Hamiltonian would retain
the correct band energy winding for |k±| → ∞, we mul-
tiply the term proportional to σ− by an additional factor
of k+.
We now collect all that we learned from the previous
discussion. We opt for the variant b of including two
in-plane Weyl points, corresponding to Eq. (15). Since
we want the two Weyl points to be located at polar an-
gles ±α, we perturb the exceptional-line Hamiltonian in
Eq. (10) with
H′(k;α) = + (k− + e−iα)(k+ + e−iα)σ+
+ (k+ + e
+iα)(k− + e+iα)k+σ−. (16)
The combination H(k)+H′(k;α) of the Hamiltonians in
Eqs. (10) and (16) corresponds to the model presented
in Eq. (1) of the main text. This model exhibits two in-
plane Weyl points at complex-conjugated values of k+,
and a single exceptional nodal line crossing the kz = 0
plane at kx = 0 = ky.
It can be analytically derived that the Weyl points of
the constructed Hamiltonian move on a circle with radius
r = 1/
√
2, and that their polar coordinates obey cosφ =
−√2 cosα. It is therefore clear that the Weyl points exist
inside the kz = 0 plane only for α ∈ (pi4 , 3pi4 ). A more
careful analysis reveals that the Weyl points are ejected
from the exceptional line touching the kz = 0 plane as one
increases α through pi/4, and that the two Weyl points
pairwise annihilate as one increases α through 3pi/4.
II. THE ALTERNATIVE LATTICE MODEL
As an alternative model that could be more easily im-
plemented in experiments, we consider the lattice model
H(k;m) = ei kz2 [cos (kz2 − pi4 ) sin kxσx+
+ cos
(
kz
2 +
pi
4
)
sin kyσy (17)
+
(
sin kz cos
kz
2 − 2m sin kz2
)
σz
]
.
This model respects the periodicity of the momentum
space, and the complex-valued determinant detH(k;m)
exhibits a non-trivial winding along the kz direction of
the Brillouin zone torus. More explicitly, the ei
kz
2 pref-
actor in Eq. (17) guarantees that arg[detH(k;m)] = kz.
The non-Hermitian lattice model in Eq. (17) exhibits
several Weyl points. First, for all values of m there are
Weyl points located at k = (0, 0, 0), (0, pi, 0), (pi, 0, 0),
(pi, pi, 0) inside the kz = 0 plane of the Brillouin zone.
Furthermore, for m ∈ (0, 1), there are additional eight
Weyl points located at the same kx and ky as the previous
quadruplet, and with sin kz2 = ±
√
1−m. We remark
3that this model does not exhibit any exceptional lines.
Nevertheless, we find that the chirality of the Weyl points
[corresponding to pi2(M)] interacts non-trivially with the
winding number along the kz-direction of the Brillouin
zone torus [corresponding to pi1(M)].
Here, we shall focus on the Weyl points on the kx =
ky = 0 line, while the analyses of Weyl points on the
other lines such as (kx, ky) = (0, pi), (pi, 0) and (pi, pi) are
similar. First, we would like expand the Bloch Hamilto-
nian around the Weyl point kx = ky = kz = 0:
H(k;m) ≈ 1√
2
kxσx +
1√
2
kyσy + (1−m)kzσz (18)
Therefore, for m < 1, the Weyl point chirality is positive,
while for m > 1, the Weyl point chirality is negative.
For m < 0 and m > 1, there is only one Weyl point on
the line at kz = 0. However, this Weyl point is of opposite
chirality for the situations with m < 0 resp. with m > 1.
Therefore, as we as we tune m from a negative number
to positive number larger than 1, the “total chirality”
of Weyl points on the (kx, ky) = (0, 0) line changes sign
without other band nodes moving onto the line. As we
have explained in the main text, this phenomenon corre-
sponds to the fact that the total chirality of Weyl points
cannot be well-defined globally in the Brillouin zone.
Here, we would also like to understand the process in
more details. As m increases from negative to positive,
a pair of Weyl points are created at kz = pi, which lo-
cally exhibit opposite chirality. As m grows from 0 to 1,
the two Weyl points move towards kz = 0 from the pos-
itive kz side and from the negative kz side, respectively.
Along the fixed kx = 0 = ky line, the phase of the two
eigenvalues of the Bloch Hamiltonian are ±eikz/2, which
means that the two energy bands exchange as one in-
creases kz by 2pi, similar to encircling an exceptional line.
Therefore, as the two Weyl points meet at kz = 0, they
effectively “encircle an exceptional line” and now have
the same chirality, as illustrated in Fig. 1 of the main
text. The extra chirality carried by the two Weyl points
from kz = pi hence flips the chirality of the Weyl point at
kz = 0. We illustrate the exchange of Weyl points of the
model in Eq. (17) in Fig. 1 of the Supplemental Material.
III. TOPOLOGICAL INVARIANTS
In this section, we complete the details of computing
the action . of pi1(M) on pi2(M), which are omitted in
the main text. Here, M is the space of 2 × 2 Hamilto-
nians that are traceless and have spectrum normalized
to absolute value 1. We shall first review the formalism
introduced by the main text. First, we express the space
M as a coset space G/H, where G is a simply connected
Lie group and H is the stabilizer subgroup. Then, we use
the coset expression and the computational algorithm de-
scribed in Ref. [1] to derive pi1(M) and pi2(M), as well as
the action ..
FIG. 1. Weyl points of the model in Eq. (17), which are
located inside (a part of) the ky = 0 plane for (a) m < 0, (b)
m = 0.25 and (c) m > 1. We find that for m < 0, there is
a Weyl point (red) of positive chirality at kx = kz = 0. A
pair of Weyl points (green) are created at (kx, kz) = (pi, 0) for
m = 0. After bringing the two green Weyl points to kz = 0,
they merge with the Weyl point located at kx = kz = 0.
There remains a Weyl point (blue) with negative chirality at
kx = kz = 0 for m > 1.
As explained in the main text, we can identify any
Hamiltonian in M using (V, t) ∈ SL(2,C) × R ≡ G, as
expressed by Eq. (2) of the main text. Furthermore, the
main text argues that the stabilizer group H consists of
the following elements in G: (R(z), n) for even n, and
(iσy ·R(z), n) for odd n, where R(z) = diag(z, 1/z) with
z being any complex number except of zero (which we
indicate as C/{0} ≡ C×). We then use a mathematical
theorem from Ref. [1] to show that pi2(M) = pi1(H) =
Z [i.e. the Chern number on a 2-sphere corresponds to
“looping” of the argument of R(z) around the origin of
C×], and pi1(M) = pi0(H) = Z [i.e. the winding number
on a 1-sphere corresponds to the connected component n
of the stabilizer group H].
According to Fig. 4(d) in the main text, we should
study the conjugation of elements in pi2(M) by elements
in pi1(M). The elements in pi2(M) are represented as
topologically distinct loops in the space of H (pi1(H)).
The loops can be parameterized by Tn2(z2) = (R(z2), n2)
for even n2 and and Tn2(z2) = (iσy ·R(z2), n) for odd n2,
where z2 is taken along a path that loops around the
origin of the complex plane C×. On the other hand, the
elements in pi1(M) are represented as disconnected points
in the space of H (pi0(H)). This corresponds to Tn1(z1)
with some z1 ∈ C×. Without loss of generality, we set
z1 = 1 in our arguments below (we comment on the case
of general z1 in the last paragraph below).
We can now compute Tn1(1) ◦ Tn2(z2) ◦ Tn1(1)−1 ex-
plicitly. Recall that the group G is a direct product of
Abelian part of integer number addition R and of a non-
Abelian part of SL(2,C). The Abelian part of Tn2(z2)
does not change upon conjugation by Tn1(1). There-
fore, we only need to calculate the non-Abelian part of
Tn1(1)◦Tn2(z2)◦Tn1(1)−1. The calculation has to be split
into several cases, corresponding to different parities of
n1 and n2.
For even n1, Tn1(1) = (I2×2, n) commute with Tn2(z2)
and therefore
Tn1(1) ◦ Tn2(z2) ◦ Tn1(1)−1 = Tn2(z2), (19)
4On the other hand, for odd n1, we can use the following
commutating relations:
iσy ·R(z2) = R(1/z2) · iσy
iσy · (iσy ·R(z2)) = (iσy ·R(1/z2)) · iσy (20)
to derive that for any n2, we have
Tn1(1) ◦ Tn2(z2) = Tn2(1/z2) ◦ Tn1(1). (21)
It follows that
Tn1(1) ◦ Tn2(z2) ◦ Tn1(1)−1 = Tn2(1/z2). (22)
The results in Eqs. (19) and (22) can be compactly uni-
fied into a single equation
Tn1(1) ◦ Tn2(z2) ◦ Tn1(1)−1 = Tn2
(
z
P (n1)
2
)
, (23)
where P (n1) = ±1 is the parity of n1. Note that 1/z2
has opposite “looping” around the origin of C× than z2.
It follows that that for odd n1 [odd elements of pi1(M)],
the conjugation flips the sign of the pi2(M) charge.
For a general z1, one can explicitly compute for the
four different combinations of parities of n1 and n2 the
following results:
• If n1 is even and n2 is even, then
Tn1(z1) ◦ Tn2(z2) ◦ Tn1(z1)−1 = Tn2(z2). (24)
• If n1 is even and n2 is odd, then
Tn1(z1) ◦ Tn2(z2) ◦ Tn1(z1)−1 = Tn2(z2/z21). (25)
• If n1 is odd and n2 is even, then
Tn1(z1) ◦ Tn2(z2) ◦ Tn1(z1)−1 = Tn2(1/z2). (26)
• If n1 is odd and n2 is odd, then
Tn1(z1) ◦ Tn2(z2) ◦ Tn1(z1)−1 = Tn2(z21/z2). (27)
The three equations are compactly summarized in Eq. (4)
of the main text.
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